Let C be a conjugation class of permutations of a finite field F q . We consider the function N C ðqÞ defined as the number of permutations in C for which the associated permutation polynomial has degree 5q À 2. In 1969, Wells proved a formula for N ½3 ðqÞ where ½k denotes the conjugation class of k-cycles. We will prove formulas for N ½k ðqÞ where k ¼ 4; 5; 6 and for the classes of permutations of type ½2 2; ½3 2; ½4 2; ½3 3 and ½2 2 2. Finally in the case q ¼ 2 n , we will prove a formula for the classes of permutations which are product of 2-cycles. # 2002 Elsevier Science (USA)
INTRODUCTION
Let q be a power of a prime and denote with F q the finite field with q elements. If s is a permutation of the elements of F q , then one can associate to s the polynomial in F q ½x f s ðxÞ ¼ X The following properties are easy to verify: 1. f s ðbÞ ¼ sðbÞ for all b 2 F q ; 2. The degree @ðf s Þ q À 2 (since the sum of all the elements of F q is zero).
Notice that f s is the unique polynomial in F q with these two properties. Such polynomials are called permutation polynomials.
Basic literature on permutation polynomials can be found in the book of Lidl and Niederreiter [5] . Various applications of permutation polynomials to cryptography have been described. See for example [1, 2] . Lidl and Mullen in [3, 4] (see also [6] ) describe a number of open problems regarding permutations polynomials: among these, the problem of enumerating permutation polynomials by their degree.
We denote by S s ¼ fx 2 F q jsðxÞ=xg the set of those elements of F q which are moved by s. Our first remark is that
To see this it is enough to note that the polynomial f s ðxÞ À x has as roots all the elements of F q fixed by s, that is which are not in S s . Therefore, if not identically zero, it has to have degree at least q À jS s j. An immediate consequence is that all transpositions give rise to permutation polynomials of degree exactly q À 2. This fact was noticed by Wells in [7] , where he also proved the following: Theorem 1.1 (Wells [7] ). If q > 3, the number of 3-cycles permutations s of F q such that @ðf s Þ q À 3 (which in view of (2) implies @ðf s Þ ¼ q À 3) is The goal of this note is to extend the previous result to the cases of kcycles ðk ¼ 4; 5; 6Þ and to other classes of permutations.
Let A i ðsÞ denote the coefficient of x qÀ1Ài in the polynomial f s ðxÞ of (1), that is
From (1) it is very easy to derive the formula for the coefficient of the leading term
Since the squares of all the elements of F q add up to zero when q > 3, the previous formula can be written as
where we write s as the product of disjoint cycles (of length larger than 1): Note that in (3) we set c j;l j þ1 ¼ c j;1 . It is well known that a conjugation class of permutations is determined by a cycle decomposition and we will denote by ½l 1 l 2 Á Á Á l k ðl i > 1Þ a conjugation class. For example ½k denotes the class of k-cycle permutations.
For a given conjugation class C here we will consider the following function:
that counts the number of permutations in C whose degree is nonmaximal.
If we denote by Z the quadratic character of F * q (q odd) and set Zð0Þ ¼ 0, for q > 3, Wells' result can be written as
Sometimes it is also useful to denote the class of those permutations that are the product of m 1 cycles of length 1, m 2 cycles of length 2; . . . ; m t cycles of length t, as ðm 1 ; m 2 ; . . . ; m t Þ where m 1 þ 2m 2 þ Á Á Á þ tm t ¼ q. With this notation we have that if s 2 C then jS s j ¼ q À m 1 and
From the above discussion we deduce that
Indeed by (3) every permutation counted by N C ðqÞ gives rise to a root of (5); furthermore, by cyclically permuting the elements of every cycle and by permuting different cycles of the same length we get different roots of (5) that correspond to the same element of N C ðqÞ.
4-CYCLE POLYNOMIALS
Let us now consider the case of 4-cycles. We will show the following:
Theorem 2.1. Suppose q > 3 is odd. Then
Proof. By (6), any a; b; c; d 2 F q (all distinct) such that the 4-cycle ða b c dÞ is counted by N ½4 ðqÞ, have to satisfy the equation:
For every of the qðq À 1Þ fixed choices of a and b distinct in F q , substituting into (7) c ¼ xðb À aÞ þ a, d ¼ yðb À aÞ þ a, we obtain the equation
Since the conditions that a; b; c and d are all distinct, are equivalent to the conditions that x; y = 2 f0; 1g and x=y, taking into account that every circular permutation of a solution of (7) where i is a root of T 2 þ 1. The number of the above points which are rational over F q is 2½1 þ ZðÀ1Þ þ 3½1 þ ZðÀ3Þ:
Subtracting the above quantity from (9), we obtain the statement for q odd.
If q ¼ 2 n , then first note that the affine transformation
Therefore, the number of solutions of (8) is 2 nþ1 À 1 if n is even and 1 if n is odd. We can write this number with one formula by ð1 þ ðÀ1Þ n Þ2 n À ðÀ1Þ n :
Finally, the five conditions x; y=0; 1 and x=y are equivalent to Y =0; 1; X =Y , X =Y þ 1 and X =1. So the total number of rational points over F 2 n that have to be removed is 1 þ 3ð1 þ ðÀ1Þ n Þ. This concludes the proof. &
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PRODUCT OF TWO DISJOINT TRANSPOSITION POLYNOMIALS
Let us now consider the case of permutations which are product of two disjoint transpositions, that is whose conjugation class is ½2 2. In his paper of 1969, Wells announces the following formula. For completeness we will prove it here. Theorem 3.1. Suppose q > 3 is odd. Then
Proof. Following the same lines of previous section, if q is odd, by (3), a permutation ða bÞ ðc dÞ with degree 5q À 2 has to satisfy the equation:
It is clear that this equation has a (admissible) solution if and only if À1 is a square in F q . In this case, if q is odd, for any of the qðq À 1Þ fixed choices of the first two variables ða 0 ; b 0 Þ we have the linear equations:
where d can assume all possible values except the ones in the set
This analysis yields 2qðq À 1Þðq À 4Þ solutions. If q ¼ 2 n with n ! 2, then (11) becomes
and for any of the qðq À 1Þðq À 2Þ choices of a; b; c, where
n Þð2 n À 6 À 3ðÀ1Þ n Þ:
Proof. Using, as in the previous sections, identity (6) and a transformation that eliminates two of the variables, we deduce that
where P ½5 ðqÞ is the number of solutions ðx; y; zÞ of
with x; y; z = 2 f0; 1g, x=y, y=z and z=x. If q is odd, the affine transformation
yields to the quadric
which has the same number of rational points of (13). Therefore, the number of rational points on (13), which can be calculated with the standard formulas that can be found in [5, Theorem 6 .27], is
If q is even then the quadric (13) is equivalent via the transformation
which has clearly q 2 points. From (14) we have to subtract the number of points on the 9 quadratic curves obtained intersecting the previous surface with the following 9 DEGREES OF PP planes:
Note that all these quadrics are non-degenerate, except in characteristics 2 and 3: hence the cases ð6; qÞ ¼ 1; q ¼ 2 n and q ¼ 3 n have to be considered separately. The equations of the 9 curves obtained in this way and the number of their points (calculated again with the formulas in [5, Theorems 6.26-6.32]) are listed in Table I .
Therefore, the total number of points to subtract from (14) is 9q À 6ZðÀ3Þ À 3ZðÀ1Þ if ð6; qÞ ¼ 1;
The final step is to add back the number of points that we have subtracted too many times, that is the points that lie in the intersection of two or more of the previous curves.
If the characteristic is odd, consider the following 19 pairs of points (see Table II ) of the quadric (13) over % F F q . Beside each pair of points we have written the number of quadrics of Table I to which the points belong.
The total number of points that has to be subtracted from (15) is therefore 26 þ 5ZðÀ7Þ þ 12ZðÀ1Þ þ 9ZðÀ3Þ if ð6; qÞ ¼ 1 ð16Þ 
n If the characteristic is even and x is a root of The same argument applied to permutations that are the product of a 3-cycle and a 2-cycle lead to the following result whose proof we omit. 
GENERAL CONJUGATION CLASSES OF PERMUTATIONS
It is not difficult in principle to generalize the inclusion-exclusion argument of the previous sections to any conjugation class of permutation.
For example, if we want to compute N ½k ðqÞ, the number of k-cycles permutations s of F q such that @f s 5q À 2, then (see (5)), we want to count the number of s ¼ ða 1 ; a 2 ; . . . ; a k Þ for which
We perform the transformation a iþ2
Taking into account that there are q possibilities for a 1 and q À 1 for a 2 and that circular permutations of the a i 's give rise to the same s, we have that N ½k ðqÞ ¼ qðq À 1Þ=k times the number of rational points of the quadric hypersurface
with the ðk þ 1Þðk À 2Þ=2 conditions that x i =0; 1, x i =x j , for i; j ¼ 1; . . . ; k À 2 and i=j. Let us assume for simplicity that q is odd. Then we can associate to the quadratic hypersurface in (19) the ðk À 1Þ Â ðk À 1Þ matrix:
It is easy to see that the determinant of M k is k. If ðq; k À 1Þ ¼ 1, then the transformation of variables: where a 0 is the number of solutions of the non-degenerate quadric
and a 00 is the number of solutions of the degenerate quadric
which is equivalent to the quadric (non-degenerate in k À 3 variables)
Note that a 0 is the number of projective solutions of the projective quadric associated to (19) and a 00 is the number of its solutions at infinity (i.e. on the hyperplane To compute N ½k ðqÞ, we have to subtract from a k ðqÞ the number of points in the ðk þ 1Þðk À 2Þ=2 quadratic varieties obtained intersecting (19) with the hyperplanes
. . . ; k À 2, i=j and so on. In each step we have to compute the number of solutions of some quadric equations over F q . However, we are not able to control how the discriminant of the quadrics behaves in the generic step.
In the case when C ¼ ½l 1 Á Á Á l s is a general conjugation class (after a transformation which reduces the number of variables to c À s, being c ¼ l 1 þ Á Á Á þ l s the number of elements moved by any permutation in C), one will have to consider a quadric hypersurface whose matrix will be
with determinant l 1 Á Á Á l s . This can be used to deduce an upper bound for N C ðqÞ.
If we use the other notation introduced in Section 1 for a conjugation class C ¼ ðm 1 ; m 2 ; . . . ; m t Þ, then we have that
where, when q is odd, each a i is an expression of the form
with a ij ; a ij 2 Z. Furthermore, a cÀ3 ¼ 1 for q large enough with respect to c. Finally, note that a ij is, up to a sign, the discriminant of a quadratic form which is the intersection of (19) with a number of hyperplanes among
This implies that there are finitely many possibilities for a ij . Hence, the expressions P C ðqÞ can be calculated by computing N C ðqÞ for sufficiently many values of q and by solving linear equations. For example using Pari [8] we calculated, if q ¼ p n and p > 3:
þ93ZðÀ1Þ þ 12ZðÀ2Þ þ 54ZðÀ7Þ;
À½148 þ 100ZðÀ1Þ þ 24 ZðÀ2Þ þ 44ZðÀ3Þ þ 40 ZðÀ7Þ;
À½150 þ 99ZðÀ1Þ þ 42ZðÀ3Þ þ 72ZðÀ7Þ;
À½136 þ 120ZðÀ1Þ þ 48ZðÀ2Þ þ 8 ZðÀ3Þ;
As a last consequence of the above discussion we have that Proposition 5.1. Suppose C is a fixed conjugation class of permutations. Then
Therefore, since by (4)
; the probability that an element of s 2 C is such that @f s 5q À 2 is
6. PERMUTATIONS OF F 2 n THAT ARE PRODUCT OF 2-CYCLES A permutation has order 2 if and only if its cycle decomposition consists only of cycles of length 2. Let T r ¼ ½2 2 . . . 2 be the conjugation class of those permutations of F q which have a cycle decomposition consisting of r cycles of length 2.
n Þ ¼ 0 and the following recursive relation holds:
Therefore (in accordance with the formulas already proven):
Proof. We have observed in the Introduction that all transpositions have permutation polynomial with degree exactly q À 2 so
The polynomial A C of (5) is in this case:
From this, applying (6) 
CONCLUSION
In a forthcoming paper we will deal with the problem of counting permutation polynomials with minimal possible degree in a fixed conjugation class. Note also that S. Konyagin and the second author have recently which confirms the common belief that almost all permutation polynomials have degree q À 2. A similar result has been proven independently by Pinaki Das.
